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A pro-algebraic fundamental group for topological
spaces
Christopher Deninger∗
1 Introduction
In [KS18] Kucharczyk and Scholze define the “e´tale fundamental group” πe´t1 (X, x) of
a pointed connected topological space (X, x) using the method of Galois categories
in [Gro63]. This is a pro-finite group which classifies covering spaces of X with
finite fibres. For path-connected, locally path-connected and semi-locally simply
connected spaces, πe´t1 (X, x) is the pro-finite completion of the ordinary fundamental
group of X i.e.
(1) πe´t1 (X, x) =
̂π1(X, x) .
For more general spaces, π1(X, x) carries natural topologies and the relation of
πe´t1 (X, x) to the (quasi-)topological group π1(X, x) is also studied in [KS18]. Kuchar-
czyk and Scholze make the following use of their e´tale fundamental group. For any
field F of characteristic zero containing all roots of unity, they construct a functorial
compact connected Hausdorff space XF whose e´tale fundamental group π
e´t
1 (XF , x)
is isomorphic to the absolute Galois group GF of F . The image of the usual funda-
mental group π1(XF , x) in π
e´t
1 (XF , x)
∼= GF is then an interesting extra structure of
GF .
For the well behaved topological spaces X in (1) the representations of π1(X, x)
correspond to local systems. This is not at all true in general. In the present
note, we therefore study another type of fundamental group for pointed connected
topological spaces (X, x). Given a ground field K it is an affine group scheme over
K which classifies the local systems of finite dimensional K-vector spaces on X .
More precisely, the ⊗-category of such local systems together with the fibre functor
ωx in x forms a neutralized Tannakian category over K. Define πK(X, x) to be its
Tannakian dual i.e.
πK(X, x) = Aut
⊗(ωx) .
∗Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) un-
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The group scheme π0(πK(X, x)) of connected components of πK(X, x) is the max-
imal pro-e´tale quotient πK(X, x)
e´t of πK(X, x) and in section 3 we show that it is
canonically isomorphic to πe´t1 (X, x) viewed as a pro-e´tale group scheme over K,
(2) πK(X, x)
e´t = πe´t1 (X, x)/K .
For path-connected, locally path-connected and semi-locally simply connected spaces
πK(X, x) is isomorphic to the pro-algebraic completion over K of the ordinary fun-
damental group
(3) πK(X, x) = π1(X, x)
alg .
There are very interesting structural results about πK(X, x) for Ka¨hler manifolds
in [Pri07], [Sim92], Section 6. In the present note we focus on those properties of
πK(X, x) that hold for very general, not even locally connected spaces X .
Section 2 is devoted to structural results about πK(X, x) and its algebraic quotients
– the monodromy group schemes of local systems. We also construct a certain pseu-
do-torsor PX for the pro-discrete group πK(X, x)(K) which can serve as a replace-
ment for the universal covering of X . Pullback to PX trivializes all local systems of
finite dimensional K-vector spaces on X .
It turns out that πK(X, x) is the projective limit of the Zariski closures of discrete
subgroups of GLr(K) for r ≥ 1. In particular πK(X, x) is reduced even if the
characteristic of K is positive. This is easy to show if the connected topological
space X is also locally connected, mainly because for such spaces the connected
components of a covering are again coverings. For the proof in the general case,
we adapt a basic construction in algebraic geometry due to Nori [Nor82] to our
situation.
Kucharczyk and Scholze show that πe´t1 (X, x) commutes with projective limits of
connected compact Hausdorff spaces. In section 4 we prove a corresponding result
for πK(X, x). This allows to calculate πK(X, x) for certain solenoidal spaces. These
examples show that πK(X, x) can be non-trivial in cases where the Cˇech fundamental
group is trivial. We also give some relations of πK(X, x) to cohomology, and end
with some open questions.
Our ultimate motivation for introducing πK(X, x) is the hope to relate the motivic
Galois group GMF over C to the pro-algebraic group πC(X, x) of a suitable topologi-
cal space X , generalizing the basic idea of [KS18]. This will not work with the space
XF of [KS18] because as pointed out in the introduction of [KS18] the Steinberg
relations do not hold in the rational cohomology of XF .
Generalizing Grothendieck’s pro-finite fundamental group of a pointed topos which
classifies finite coverings, Kennison has introduced an internal fundamental group
of an (unpointed) topos using torsors which generalizes the functor Hom(π1(X),−)
[Ken83]. He does not use the Tannakian formalism but the respective fundamental
groups should be related.
I am grateful to the Newton Institute where part of this note was written and to
Peter Scholze for explaining an argument in [KS18].
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2 The pro-algebraic fundamental group
Given a field K with the discrete topology, a flat K-vector bundle on a topological
space X is a continuous map π : E → X whose fibres are finite dimensional K-
vector spaces and such that locally on X the map π is isomorphic to the projection
X × Kr → X for some r ≥ 0. Note that the transition functions between local
trivializations are locally constant since K has the discrete topology. The suffix
“flat” is not really necessary. However, for fields K like R or C which usually
carry a different topology, “flat” serves as a reminder to view K with the discrete
topology. We write Γ(X,E) for the K-vector space of continuous sections of E. Let
Fl(X) = FlK(X) denote the category of flat K-vector bundles with the obvious
morphisms. We will often use the fact that a locally constant map from a connected
topological space to a set is constant. The sheaf of continuous sections of a flat
K-vector bundle is a local system E of finite-dimensional K-vector spaces on X
i.e. a sheaf of K-vector spaces on X which is locally isomorphic to the constant
sheaf Kr for some integer r ≥ 0. Let Loc(X) = LocK(X) be the category of local
systems of finite dimensional K-vector spaces. The functor from Fl(X) to Loc(X)
sending E to E and correspondingly on morphisms is a equivalence of categories.
A quasi-inverse is given by sending E to its espace e´tale´ E over X , c.f. [Bre97]
Ch. I, 1.5. If X is connected both categories are abelian. Note here that for a
morphism of flat K-vector bundles ϕ : E → E ′ over X the rank of the kernel kerϕx
is locally constant as a function of x ∈ X and hence constant. If a group G acts
on a topological space Y by homeomorphisms, we write LocGK(Y ) for the category
of G-locally constant sheaves of finite dimensional K-vector spaces. It is equivalent
to the category FlGK(Y ) of flat finite rank K-vector bundles E with a continuous
G-action on the total space over the G-action on Y .
For the definition of a rigid abelian tensor category T over K we refer to [DM82]
2.1. It is an abelian category with a functor ⊗ : T × T → T , a unit object 1 and
a dual object E∨ for any object E together with morphisms ev : E ⊗ E∨ → 1 and
δ : 1 → E ⊗ E∨. All these data have to satisfy several compatibility conditions
and all objects are reflexive E
∼
→ E∨∨. Moreover an isomorphism K
∼
→ End(1) is
part of the structure. For a connected topological space X , the categories FlK(X)
and LocK(X) are naturally rigid abelian tensor categories over K, and E 7→ E is a
tensor equivalence. The unit object is given by the trivial line bundle K resp. the
constant sheaf K.
A neutral Tannakian category over K is a rigid abelian tensor category T over K
which admits a faithful K-linear exact ⊗-functor ω into the category VecK of finite
dimensional vector spaces over K. Given such a “fibre-functor” ω, the ⊗-functor
T is tensor-equivalent to the tensor category RepK(G) of finite dimensional K-
representations of the affine K-group scheme G = Aut⊗(ω), the Tannakian dual
of (T , ω). Under the equivalence the fibre functor ω on T becomes the forgetful
functor on RepK(G). Here, by definition we have for any K-algebra R
G(R) = Aut⊗(ω)(R) = Aut⊗(φR ◦ω) ,
where φR = R⊗− : VecK → ModR. See [DM82] Theorem 2.11 for more details.
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For an object E of T the full ⊗-subcategory 〈E〉⊗ generated by E is defined as the
full subcategory of T of objects isomorphic to a subquotient of Q(E,E∨) for some
Q ∈ N[t, s] where N = {0, 1, 2, . . .}. For a point x of a topological space X we have
the usual fibre functor
ωx : FlK(X) −→ VecK
sending E to Ex and ϕ : E → E
′ to ϕx : Ex → E
′
x. It is a K-linear exact tensor
functor.
Proposition 2.1 For any pointed connected topological space (X, x) and any field
K, the category FlK(X) is neutral Tannakian with fibre functor ωx.
Proof We have to show that ωx is faithful. Let ϕ : E → E
′ be a morphism in
FlK(X). The function X → Z sending y ∈ X to the rank of ϕy is locally constant,
hence constant on X . If ωx(ϕ) = 0 i.e. rkϕx = 0 we therefore have rkϕy = 0 for all
y ∈ X and hence ϕ = 0. ✷
Corollary 2.2 Let X be a connected topological space and let E be a trivial bundle
in FlK(X). Then any subquotient F of E in FlK(X) is a trivial flat bundle.
Proof Fix a point x ∈ X . The bundle E corresponds to a trivial representation ρE
of πK(X, x) on Ex. All subquotients of ρE are trivial as well and hence F is a trivial
flat vector bundle. ✷
For a connected space X and a point x ∈ X , we denote the Tannakian dual of
(FlK(X), ωx) by πK(X, x). It is an affine group scheme over K whose finite di-
mensional K-representations classify the flat bundles on X . For E in FlK(X) the
Tannakian dual of (〈E〉⊗, ωx) is a closed (algebraic) subgroup scheme of GLEx over
K, the monodromy group scheme of E,
GE = GE,x = Aut
⊗(ωx | 〈E〉
⊗) ⊂ GLEx .
The induced morphism πK(X, x) → GE is faithfully flat by [DM82], Proposition
2.21. Hence GE is the image of the representation πK(X, x)→ GLEx corresponding
to E.
We now fix some notations. Let G be a topological group and P a topological space
on which G acts continuously from the right. Let G act trivially on a topological
space X and let π : P → X be a continuous G-equivariant map. We call P a
(surjective) pseudo G-torsor over X if the continuous map
P ×G −→ P ×X P , (p, σ) 7→ (p, p
σ)
is a homeomorphism (and π is surjective). If in addition π has continuous sections
locally, then P is a G-torsor, or principal homogenous G-bundle. Equivalently, P
is a trivial G-torsor locally. If G has the discrete topology then any G-torsor is in
particular a covering. Connected G-torsors for a discrete group G are the same as
Galois coverings with group G.
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We need the following fact which follows from [Gro57] 5.3 by restricting to the
subcategories of locally constant sheaves and noting that the inverse image of sheaves
commutes with tensor products. Let G be a discrete group and let π : P → X be a
G-torsor. In particular, π is a covering, hence a local homeomorphism and G acts
without fixed points and properly discontinously such that P/G
∼
→ X . There is an
equivalence of ⊗-categories between LocK(X) and Loc
G
K(P ). The functors
(4) LocK(X)
pi−1
−−→
←−−
piG
∗
LocGK(P )
are quasi-inverses of each other. Here πG∗ is defined by setting
(πG∗ F)(U) = F(π
−1(U))G for U ⊂ X open .
There are corresponding quasi-inverse functors π∗ and πG∗ between FlK(X) and
FlGK(P ). For a representation of G on a finite dimensional K-vector space V , the
bundle P × V with the diagonal G-action is in FlGK(P ) and we have
πG∗ (P × V ) = P ×
G V .
Let G be a subgroup of GLr(K) with the discrete topology and assume that the
bundle E in FlK(X) has a reduction of structure group to G. This means that there
is a G-torsor π : P → X such that E ∼= P×GKr. Let G be the Zariski closure of G in
the group scheme GLr over K. In this situation we have the following information:
Proposition 2.3 a) For a suitable isomorphism Ex = K
r of K-vector spaces, GE,x
is a closed subgroup scheme of G in GLEx = GLr. If P is connected we even have
GE,x = G.
b) If the connected topological space X is also locally connected, then the structure
group of E can be reduced to a subgroup G of GLr(K) such that P is connected, and
hence GE,x = G.
c) In the situation of b), the affine group scheme πK(X, x) is a projective limit of
algebraic groups of the form G where the G’s are discrete subgroups of GLr(K) for
varying r. In particular πK(X, x) is reduced.
Proof a) We are given a bundle E in FlK(X) and a G-torsor π : P → X for a
subgroup G ⊂ GLr(K) such that E ∼= P ×
G Kr and hence π∗E ∼= P × Kr in
FlGK(P ). Hence we have an equivalence of tensor categories
〈E〉⊗ ∼= 〈P ×Kr〉⊗ .
Here on the right we mean the full ⊗-subcategory of FlGK(P ) generated by the G-
bundle P×Kr over P . Choosing a point p ∈ P with π(p) = x we get an isomorphism
of affine group schemes over K
GE,x = Aut
⊗(ωx | 〈E〉
⊗) ∼= Aut⊗(ωp | 〈P ×K
r〉)⊗) =: G˜ .
The point p and the isomorphism E ∼= P ×G Kr determine an isomorphism
Ex ∼= π
−1(x)×G Kr ∼= {p} ×Kr ∼= Kr .
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Viewing this isomorphism as an identification, the isomorphism GE,x ∼= G˜ becomes
an equality GE,x = G˜ of closed subgroup schemes of GLr.
Let ρ : G →֒ GLr(K) denote the inclusion and consider the Tannakian subcategory
〈ρ〉⊗ of RepK(G) generated by ρ. It follows from the proof of [DM82] Proposition
2.8 that we have
G = Aut⊗(ω | 〈ρ〉⊗) .
Here ω is the fibre functor forgetting the G-module structure. The natural ⊗-functor
α : RepK(G) −→ Fl
G
K(P ) , V 7−→ P × V (diagonal G-action)
sends ρ to P ×Kr and therefore restricts to a ⊗-functor
αρ : 〈ρ〉
⊗ −→ 〈P ×Kr〉⊗ .
The functor α is faithful and if P is connected even fully faithful. Namely for
representations ρi : G→ GL(Vi) in RepK(G) for i = 1, 2, a morphism
ϕ : α(ρ1) = P × V1 −→ P × V2 = α(ρ2)
is a continuous map of the form ϕ(p, v) = (p, ϕp(v)) for p ∈ P, v ∈ V1. Here
ϕp ∈ HomK(V1, V2) for each p ∈ P . The continuous map p 7→ ϕp is locally constant
hence constant on the connected components of P , since HomK(V1, V2) carries the
discrete topology. Moreover we have
ρ2(σ)(ϕp(v)) = ϕpσ−1 (ρ1(σ)v) for v ∈ V1, p ∈ P, σ ∈ G .
The morphisms ϕ in the image of α are those where ϕp is independent of p. If P is
connected, it follows that α and hence αρ are fully faithful. Applying Corollary 2.2
to X = P it also follows that αρ is essentially surjective, and hence an equivalence
of ⊗-categories. It follows that G = G˜ as closed subgroup schemes of GLr over K,
and hence G = GE,x. If P is not necessarily connected we only obtain a morphism
G˜→ G of affine group schemes, which is compatible with the closed immersions of
G˜ and G into GLr. Hence GE,x = G˜→ G is a closed immersion as well.
b) Choose a connected component P0 of P and let G0 be the stabilizer of P0 for the
G-action on the set of connected components of P . Then the map
(5) P0 ×G0
∼
→ P0 ×X P0 , (p, σ) 7→ (p, p
σ)
is a homeomorphism. This follows from the corresponding property of the G-action
on P , because p′ = pσ for p, p′ ∈ P0 and σ ∈ G implies that σ ∈ G0. The component
P0 is open in P . Namely, for p0 ∈ P0 choose a connected open neighborhood
x0 ∈ U ⊂ X where x0 = π(p0) such that P |U := π
−1(U) → U is G-equivariantly
homeomorphic to U×G over U . Viewing this as an identification we have p0 = (x0, g)
for some g ∈ G. Since U × {g} is connected and P0 is the connected component
of p0, it follows that U × {g} ⊂ P0. But U × {g} is open in P since G carries the
discrete topology and hence P0 is open. By (5) the action of G0 on the fibres of
P0 → X is simply transitive and hence the inclusion U × {g} ⊂ P0 implies that
there is a G0-equivariant homeomorphism P0 |U = U × gG0. Thus P0 is a G0-torsor
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if π(P0) = X . Since π and P0 are open π(P0) is open. We show that π(P0) is
closed. Assume y ∈ X \π(P0). Choose an open connected neighborhood y ∈ U ⊂ X
such that P |U = U × G as above. If π(P0) ∩ U 6= ∅, then (x, g) ∈ P0 for some
x ∈ U, g ∈ G, and hence U × {g} ⊂ P0 which implies y ∈ π(P0) a contradiction.
Thus π(P0) ∩ U = ∅ and therefore X \ π(P0) is open. Since π(P0) 6= ∅ is open and
closed and X is connected, it follows that π(P0) = X . Since (π |P0)
∗E is trivial the
structure group of E can be reduced to G0 and using a) we have GE,x = G0 after
an appropriate identification Ex = K
r.
The assertions in c) are a formal consequence of b) since FlK(X) is the filtered
inductive limit of the Tannakian subcategories 〈E〉⊗. Note that given E1, E2, we
have 〈Ei〉
⊗ ⊂ 〈E〉⊗ where E = E1 ⊕E2. ✷
Remark Over non-locally connected topological spaces X the connected compo-
nents P0 of a G-torsor P need not map surjectively to X . Consider the connected
solenoid
X = lim←−(. . .
p
−→ R/Z
p
−→ R/Z) = R×Z Zp .
The covering P = R×Zp → X is a Z-torsor with connected components Pa = R×{a}
for a ∈ Zp all of which have trivial stabilizer groups in Z. The images of the Pa’s
are the path-connected components of X , of which there are uncountably many. No
Pa maps surjectively to X . I learned about this example in a post by Taras Banakh
on MathOverflow.
Using ideas of Nori from another context [Nor82], we will now construct pseudo-
torsors trivializing flat bundles. In particular, for arbitrary connected topological
spaces and algebraically closedK, we get a surjective pseudo-torsor for a pro-discrete
topological group which can serve as a replacement for the universal covering space,
the latter existing only for well behaved spaces. In the examples that we are aware
of, our pseudo-torsors are actually torsors. We do not know if this is true in general.
The construction goes as follows. Let (X, x) be a pointed connected topological
space and E a flat bundle in FlK(X). Consider a composition of morphisms of
group schemes over the field K
(6) πK(X, x)
α
։ GK
β
։ GE ⊂ GLEx ,
where α and β are faithfully flat. The cases GK = πK(X, x) and GK = GE are
especially relevant. Consider the full embeddings and the equivalence of⊗-categories
RepK(GE)
β∗
→֒ RepK(GK)
α∗
→֒ RepK(πK(X, x)) ≃ FlK(X) .
They extend to the ind-categories, which are again abelian tensor categories
(7) IRepK(GE)
β∗
→֒ IRepK(GK)
α∗
→֒ IRepK(πK(X, x)) ≃ IFlK(X) .
Let H be a commutative Hopf algebra over a field. By [Wat79] 3.3 Theorem, every
comodule V for H is the directed union of finite-dimensional subcomodules. It
follows that for any affine group scheme πK over K, the category IRepK(πK) can
be identified with the category of comodules for H = Γ(πK ,O).
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Let GδK be the group scheme GK together with the trivial (left-)action of GK . Then
the multiplication morphism
(8) m : GK ×G
δ
K −→ GK , (σ, τ) 7−→ στ (on S-valued points)
is GK-equivariant under the natural left GK-actions. Similarly, let A
δ
Ex be the affine
space over Ex with the trivial (left-) action by GK . The left action of GK via β on
AEx gives a GK-equivariant morphism
(9) mE : GK × A
δ
Ex −→ AEx , (σ, v) 7−→ σv (on S-valued points).
The resulting GK-equivariant morphisms
(10) GK ×G
δ
K
∼
→ GK ×GK , (σ, τ) 7→ (σ, στ)
and
(11) GK × A
δ
Ex
∼
→ GK × AEx , (σ, v) 7→ (σ, σv)
are isomorphisms. Passing to global sections with the induced left GK-action (or
Γ(GK)-comodule structure), we obtain morphisms of commutative unital K-algebra
objects in IRepK(GK)
α∗
→֒ IRepK(πK(X, x))
(12) ∆ = m∗ : Γ(GK) −→ Γ(GK)⊗ Γ(GK)
δ
and
(13) ∆E = m
∗
E : Γ(AEx) −→ Γ(GK)⊗ Γ(AEx)
δ ,
and isomorphisms
(14) Γ(GK)⊗ Γ(GK)
∼
→ Γ(GK)⊗ Γ(GK)
δ , a⊗ b 7→ (a⊗ 1)∆(b)
and
(15) Γ(GK)⊗ Γ(AEx)
∼
→ Γ(GK)⊗ Γ(AEx)
δ , a⊗ v 7→ (a⊗ 1)∆E(v) .
Under the tensor equivalence of IRepK(πK(X, x)) with IFlK(X) let A = A(GK) =
A(α) and AE be the commutative K-algebra objects in IFlK(X) corresponding to
Γ(GK) resp. Γ(AEx). The objects corresponding to Γ(GK)
δ and Γ(AEx)
δ are the
trivial bundles of K-algebras
Γ(GK) = X × Γ(GK) and Γ(AEx) = X × Γ(AEx) .
We get morphisms of unital K-algebra objects in IFlK(X),
(16) ∆ : A −→ A⊗ Γ(GK)
and
(17) ∆E : AE −→ A⊗ Γ(AEx)
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and isomorphisms
(18) A⊗ A
∼
→ A⊗ Γ(GK) , a⊗ b 7−→ (a⊗ 1)∆(b)
and
(19) A⊗ AE
∼
→ A⊗ Γ(AEx) , a⊗ v 7−→ (a⊗ 1)∆(v) .
For an object B = lim
−→i
Bi in IFlK(X), filtered inductive limit of flat bundles Bi in
FlK(X), let
Hom(B,K) = lim
←−
i
Hom(Bi, K) =
∐
x∈X
lim
←−
i
Hom(Bix, K)
be the projective limit of the total spaces of the Hom-bundles Hom(Bi, K). Then
Hom(B,K) is a topological space with a continuous surjective map π to X . If B
is a K-algebra object in IFlK(X), let Homalg(B,K) be the subspace of Hom(B,K)
consisting of fibrewise algebra homomorphisms. Thus its fibre over the point z ∈ X
is
Hom(B,K)z = Homalg(Bz, K) ,
where Bz is the K-algebra Bz = lim−→iBiz. Already for X a point we see that Bz may
be empty. For B = Γ(GK) we have
Homalg(Γ(GK), K) = X × Homalg(Γ(GK), K) = X ×GK(K) = GK(K) .
Here GK(K) carries the pro-discrete topology. For B = A set
(20) P = P (GK) = P (πK(X, x)→ GK) := Homalg(A,K) .
Its fibre over the fixed base point x ∈ X is
(21) Px = Homalg(Γ(GK), K) = GK(K) .
For path-connected spaces using the map (32) below it is easy to see that Pz 6= ∅
for all z ∈ Z. If X is connected and GK is algebraic, we still have Pz 6= ∅ for
z ∈ X , c.f. Theorem 2.5 below. For arbitrary quotients GK , if K is algebraically
closed we can use a result of Deligne in [Del11]. He proved that for a Tannakian
category over an algebraically closed field K, any two fibre functors over K are
⊗-isomorphic. In particular there is a ⊗-isomorphism γ : ωx
∼
→ ωz on FlK(X). It
extends naturally to IFlK(X) where ωx, ωz now take values in arbitrary K-vector
spaces. It follows that γ(A) gives an isomorphism of K-algebras (!) Ax
∼
→ Az, and
therefore a homeomorphism of pro-discrete spaces
GK(K) = Px
∼
→ Pz .
In particular, for algebraically closed K, the continuous map π : P → X is always
surjective. For any field K, applying the functor Homalg( , K) to (16) we obtain a
continuous map
(22) P ×GK(K) = P ×X GK(K) −→ P
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which by construction is a continuous GK(K)-operation on P . Similarly the isomor-
phism (18) gives a homeomorphism
(23) P ×GK(K)
∼
→ P ×X P .
Thus P is a pseudo-torsor for GK(K). It is surjective if K = K. There are (fibrewise
K-linear) homeomorphisms
Homalg(Γ(AEx), K) = X × Homalg(Γ(AEx), K) = X × AEx(K) = X × Ex .
In IRepK(πK(X, x)) we have
Γ(AEx) = Sym(Eˇx) .
Under the ⊗-equivalence with IFlK(X) we find
AE = Sym Eˇ ,
and therefore
Homalg(AE, K) = Hom(Eˇ,K) = E .
Applying Homalg( , K) to (19) we get an isomorphism of vector bundles
(24) π∗E = P ×X E
∼
→ P × Ex .
Thus the flat vector bundle E is trivialized by pullback to P . One checks that the
natural right GK(K)-action on π
∗E over the one on P corresponds to the diagonal
right action on P ×Ex given by
(p, v)σ = (pσ, ρ(σ−1)v) for p ∈ P, v ∈ Ex, σ ∈ GK(K) .
Here ρ : GK(K)→ GL(Ex) is induced from the given morphism GK → GLEx .
For GK = πK(X, x) consider the continuous map
(25) π : PX := P (πK(X, x)) −→ X .
Then PX is a pseudo-torsor for the pro-discrete group πK(X, x)(K). If K = K then
π is surjective. Pullback via π trivializes every flat bundle in FlK(X). In this regard
PX may be viewed as a replacement for the universal covering. See Theorem 4.1 for
a description of PX in the classical case. For GK = GE , we set
(26) PE = P (GE)
pi
−→ X .
The pullback π∗E is trivial by (24). Thus we have proved the following result.
Theorem 2.4 Let (X, x) be a pointed connected topological space and K a field.
1) Given a faithfully flat quotient πK(X, x)
α
−→ GK over K, consider the space
P = P (GK)
pi
−→ X defined in (20). Pullback along π trivializes every bundle E
in FlK(X) canonically, whose monodromy representation πK(X, x) → GE ⊂ GLEx
factors over α, c.f. (24). In particular pullback to PX = P (πK(X, x)) trivializes
every bundle in FlK(X) and pullback to PE = P (GE) trivializes E.
2) The pro-discrete group GK(K) acts continuously and simply transitively on the
non-empty fibres of π : P → X and P is a pseudo-torsor. If X is path connected or
if K is algebraically closed, then π : P → X is surjective.
10
We will now show that for any algebraic quotient GK of πK(X, x) theGK(K)-pseudo-
torsor P = P (GK) is a torsor. To do this we first recall that finitely generated
K-algebras can be written as reflexive coequalizers of finitely generated polynomial
rings over K. Namely for such a K-algebra Γ choose a presentation
0 −→ A −→ K[x1, . . . , xn] −→ Γ −→ 0 .
Then A is generated by finitely many polynomials A = 〈P1, . . . , Pm〉. Consider the
diagram
(27) K[x1, . . . , xn, t1, . . . , tm] K[x1, . . . , xn] −→ Γ
f
−→
s
−→
g
oo
where the K-algebra homomorphisms f, g and s are defined as follows: f(xi) =
g(xi) = xi and s(xi) = xi for 1 ≤ i ≤ n. Moreover f(tj) = Pj and g(tj) = 0 for
1 ≤ j ≤ m. Then we have f ◦s = id = g ◦s and a short calculation shows that
the ideal im (f − g) = A. We now use an invariant version of this construction to
write Γ(GK) as a reflexive coequalizer in the category of commutative K-algebra
objects in IRepK(πK(X, x)). Since GK is algebraic, the K-algebra Γ(GK) is finitely
generated. Let S be a finite set of generators. By [Wat79] 3.3 Theorem, there is a
finite dimensional πK(X, x)-subrepresentation Vˇx ⊂ Γ(GK) with S ⊂ Vˇx. Let Vˇ be
the corresponding bundle in FlK(X) and let V be its dual. Define A by the exact
sequence in IRepK(πK(X, x))
0 −→ A −→ SymVˇx −→ Γ(GK) −→ 0 .
Again using [Wat79] 3.3 Theorem, we can choose a finite dimensional πK(X, x)-
subrepresentation H ⊂ A containing a finite set of generators of the finitely gener-
ated ideal A. Then Wˇx = Vˇx⊕H is a finite dimensional representation of πK(X, x).
Let Wˇ be the corresponding bundle in FlK(X) and W its dual. Consider the fol-
lowing diagram
(28) SymWˇx SymVˇx −→ Γ(GK) .
fx−→
sx
−→
gx
oo
Here the πK(X, x)-equivariant algebra homomorphisms fx, gx, sx are defined as fol-
lows:
fx |Vˇx = gx |Vˇx = id and sx |Vˇx = inclusion Vˇx →֒ Vˇx ⊕H = Wˇx
fx |H = inclusionH →֒ SymVˇx and gx|H = 0 .
Since this is just an invariant way of writing (27) the diagram (28) exhibits Γ(GK) as
a reflexive coequalizer in the category of commutative K-algebras. Since everything
is πK(X, x)-equivariant, (28) also describes Γ(GK) as a reflexive coequalizer in the
category of commutative K-algebra objects of IRepK(πK(X, x)).
Recall that A was the commutative K-algebra object in IFlK(X) corresponding to
GK . Under the equivalence of Tannakian categories IRepK(πK(X, x)) = IFlK(X)
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we obtain a diagram in IFlK(X) whose fibre in x is (28)
(29) SymWˇ SymVˇ −→ A .−→
g
f
−→
soo
The diagram (29) describes A as a reflexive coequalizer in the category of commu-
tative K-algebra objects in IFlK(X). Applying the functor Homalg( , K), recalling
definition (20) and noting that
Homalg(SymVˇ , K) = Hom(Vˇ , K) = V ,
we get a diagram of spaces over X making P a reflexive equalizer
(30) P −→ V W where S ◦F = S ◦G = id .
F−→
S
−→
G
oo
Thus we get homeomorphisms of spaces over X
P = {v ∈ V | F (v) = G(v)}
diag
∼
→ {(v1, v2) ∈ V × V | F (v1) = G(v2)} .
For each point z ∈ X the fibre fz of the map f in (29) is a homomorphism of
K-algebras
fz : SymWˇz −→ SymVˇz .
Applying the functor spec we get a morphism of affine K-spaces over the fibres Vz
and Wz of the bundles V and W
spec fz : AVz −→ AWz .
The fibre Fz of the map F in (30) is obtained by passing to the K-valued points of
spec fz
F = (spec fz)(K) : AVz(K) = Vz −→Wz = AWz(K) .
For any choice of isomorphisms Vz ∼= K
n and Wz ∼= K
m the m components of the
map F are given by polynomial functions in n variables. Their maximal degree d
is the maximum of 1 and the maximal degree of an element of Hx in SymVˇx. In
particular d is independent of z ∈ X . Choose an open neighborhood z ∈ U ⊂ X such
that there are trivializations V |U ∼= K
n and W |U ∼= K
m. The induced continuous
map
FU : U ×K
n ∼= V |U
F |U
−−→W |U ∼= U ×K
m
has the form
FU(y, ξ) = (y, ϕU(y, ξ)) for y ∈ U , ξ ∈ K
n
where
ϕU(y, ξ)j =
∑
|ν|≤d
aν,j(y)ξ
ν for 1 ≤ j ≤ m .
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The coefficient functions aν,j : U → K are continuous and hence locally constant.
Since there are only finitely many of them, we may assume that they are constant
by shrinking U . Thus we have
FU(y, ξ) = (y, ϕ(ξ)) for y ∈ U , ξ ∈ K
n
where
ϕ(ξ)j =
∑
|ν|≤d
aν,jξ
ν with aν,j ∈ K for 1 ≤ j ≤ m .
The map G is a linear map of flat vector bundles and by shrinking U we may assume
that the corresponding map GU has the form
GU(y, ξ) = (y, ψ(ξ)) for y ∈ U , ξ ∈ K
n ,
where ψ : Kn → Km is a linear map.
Set
ZU = {ξ ∈ K
n | ϕ(ξ) = ψ(ξ)} .
There are theK-points of an algebraic variety in AnK and by the equalizer description
of P we have a homeomorphism
P |U ∼= U × ZU over U .
It follows in particular that the function
X −→ {0, 1, . . . ,∞} , z 7−→ |Pz|
is locally constant and hence constant on X . Since Px = GK(K) by (21) we conclude
that |Pz| ≥ 1 for all z ∈ X i.e. that the projection π : P → X is surjective and that
ZU 6= ∅. Hence P |U has a section. Thus P is a surjective GK(K)-pseudo-torsor
with local sections i.e. a GK(K)-torsor.
Theorem 2.5 Let (X, x) be a pointed connected topological space and K a field.
1) For every algebraic quotient πK(X, x) → GK the corresponding GK(K)-pseudo-
torsor P = P (GK) over X defined in (20) is a torsor. The algebraic group GK is
reduced and we have GK = GK(K) in the Zariski topology.
2) For every flat vector bundle E in FlK(X) the monodromy group GE is the Zariski
closure with the reduced scheme structure in GLEx of the discrete group GE(K). The
structure group of E can be reduced to GE(K).
3) If the monodromy group scheme GE is finite, then GE is the constant group
scheme over K attached to the finite group GE(K).
Remark The algebraic quotients GK of πK(X, x) are the quotients πK(X, x)→ GE
coming from the representations πK(X, x) → GLEx attached to flat vector bundles
E in FlK(X). This holds because every algebraic group scheme over K admits a
closed embedding into GLH for a finite dimensional K-vector space H .
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Proof 1), 2) By the remark we may assume that GK = GE for some E in FlK(X).
We have seen above that PE = P (GE) is a GE(K)-torsor. Using the GE(K)-
equivariant isomorphism (24) for P = P (GE) and the considerations after (4) we
obtain an isomorphism in FlK(X)
E = πGE(K)∗ π
∗E = PE ×
GE(K) Ex .
Thus E has a reduction of structure group to GE(K). Proposition 2.3 a) now implies
that GE ⊂ GE(K) in GLEx. Since GE is a closed subgroup scheme of GLEx , we also
have GE(K) ⊂ GE and therefore GE = GE(K). Such a group scheme is reduced.
Assertion 3) follows from 2). ✷
Remark It follows from 2) that πK(X, x) is a projective limit of Zariski closures of
discrete subgroups of GLr(K) for varying r. In particular πK(X, x) is reduced. For
locally connected spaces X this was previously shown in Proposition 2.3 c) with a
simpler proof.
In the next section we will study the finite quotients of πK(X, x). For them the
torsor P is connected.
Theorem 2.6 Let (X, x) be a pointed connected topological space and K a field. Let
GK be a finite group scheme quotient of πK(X, x). Then P = P (GK) is a connected
torsor for the finite group GK(K) and GK = GK(K)/K.
Proof We know from Theorem 2.5, that P is a torsor. The following argument
also gives another proof for this fact. Note that A = A(GK) defined after (15) is
an algebra object in FlK(X) since Γ(GK) is a finite-dimensional K-vector space
because GK is finite over K. Hence every point of X has an open neighborhood
such that in local coordinates for the flat bundle A the multiplication map and the
unit section are constant. Note here that for r ≥ 0 the topology on Kr is discrete.
Consider the GK(K)-pseudo-torsor
π : P = P (GK) = Homalg(A,K) −→ X .
It follows that the function z 7→ |Pz| is locally constant and hence constant since X
is connected. We have
Px = Homalg(Γ(GK), K) = GK(K)
and therefore |Pz| = |GK(K)| ≥ 1. Thus the map π : P → X is surjective. The
above argument about local constancy also shows that P is locally trivial. Thus P
is a GK(K)-torsor. As in the proof of Theorem 2.5 it follows that GK = GK(K).
Since GK(K) is finite this implies that GK is the constant group scheme attached to
the finite group GK(K). Writing G = GK(K) we therefore have Γ(GK) = K
G. We
claim that A ∼= π∗K for the projection π : P → X . By (4) ff it suffices to show that
π∗A and π∗π∗K are isomorphic as G-bundles on the G-space P . The representation
of πK(X, x) on Γ(GK) defining the bundle A factors over the quotient GK . Hence
we may take E = A in (24) and obtain a right G-equivariant isomorphism
ϕ : π∗A
∼
→ P ×Ax = P × Γ(GK) = P ×K
G .
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Here τ ∈ G acts on P ×KG via (p, f)τ = (pτ , τ−1f) where (τf)(σ) = f(τ−1σ). On
the other hand we have a G-equivariant isomorphism
P ×KG
∼
→
∐
p∈P
Kp
G
=
∐
p∈P
Kpi
−1pi(p) = π∗π∗K .
Here the element (p, f) is sent to (pσ 7→ f(σ)). Thus π∗A is isomorphic to π∗π∗K
as a G-bundle and hence we have A = π∗K in FlK(X). We can now show that P is
connected. Namely
H0(P,K) = H0(X, π∗K) = H
0(X,A) = HomFlK(X)(K,A)
∼= HomRepK(piK(X,x))(K,K
G)
= HomRepK(G)(K,K
G) = K .
Here we have used that GK = G/K is a quotient of πK(X, x) so that RepK(G) is a
full subcategory of RepK(πK(X, x)). ✷
For any two points x0, x1 ∈ X we define
πK(X, x0, x1) = Iso
⊗(ωx0, ωx1) .
By a general result on Tannakian categories [DM82], Theorem 3.2, this is both a
left πK(X, x0)- and a right πK(X, x1)-torsor for the fpqc-topology.
We define the fundamental pro-algebraic groupoid ΠK(X) of a topological space X
to be the following category enriched over the category of K-schemes. The objects
of ΠK(X) are the points of x. The morphism schemes are Mor(x1, x2) = ∅ if x1 and
x2 lie in different connected components and
Mor(x1, x2) = πK(Y, x1, x2)
if x1 and x2 lie in the same connected component Y of X .
For a continuous map f : X → Y of topological spaces the pullback functor f ∗ :
FlK(Y )→ FlK(X) is a tensor functor and for any point x ∈ X , the diagram
FlK(Y )
f∗
//
ωf(x)
%%❑
❑❑
❑❑
❑❑
❑❑
FlK(X)
ωx
yyss
ss
ss
ss
s
VecK
commutes. Hence we get an induced homomorphism of affine group schemes over
K,
f∗ : πK(X, x) −→ πK(Y, f(y)) .
More generally, for any two points x1, x2 in X we obtain a morphism (of bi-torsors)
f∗ : πK(X, x0, x1) −→ πK(Y, f(x0), f(x1)) .
Let π1(X, x) resp. π1(X, x1, x2) be the usual topological fundamental group resp.
the (bi-torsor) of homotopy classes of continuous paths from x1 to x2. There is a
natural homomorphism of groups
(31) π1(X, x) −→ πK(X, x)(K)
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and more generally a morphism compatible with the bi-torsor structures
(32) π1(X, x0, x1) −→ πK(X, x0, x1)(K) .
Namely, for a continuous path α : [0, 1] → X with α(0) = x0 and α(1) = x1 we
obtain a ⊗-isomorphism ωα : ωx1
∼
→ ωx2 as follows: For E in FlK(X) the locally
constant sheaf α−1E is constant on [0, 1]. Hence the evaluation maps ev0 and ev1 in
the points x0 and x1 provide isomorphisms
ωx0(E) = Ex0
ev0∼
←− Γ([0, 1], α∗E)
ev1∼
−→ Ex1 = ωx1(E) .
The natural transformation ωα is defined by the family of isomorphisms
ωα(E) = ev1 ◦ev
−1
0 : ωx0(E) −→ ωx1(E) .
All local systems are constant on [0, 1]× [0, 1]. Using this one sees that the isomor-
phisms ωα(E) and hence ωα depend only on the homotopy class of α.
It follows that any continuous path α from x0 to x1 defines an isomorphism of group
schemes over K
(33) αK = R
−1
ωα ◦Lωα : πK(X, x0)
∼
→ πK(X, x1) .
Here
Lωα : πK(X, x0)
∼
→ πK(X, x0, x1)
and
Rωα : πK(X, x1)
∼
→ πK(X, x0, x1)
are left- and right translation of ωα ∈ πK(X, x0, x1)(K).
If X is not path-connected, I do not know if the group schemes πK(X, x0) and
πK(X, x1) are isomorphic over K in general. For algebraically closed fields K all
fibre functors over K of a Tannakian category over K are isomorphic by a result of
Deligne [Del11]. Hence we have πK(X, x0, x1)(K) 6= ∅ if K = K and for any element
ξ ∈ πK(X, x0, x1)(K) we get an isomorphism (33) as above with ωα replaced by ξ.
We end this section with the following remark on flat vector bundles over a compact
(= quasicompact + Hausdorff) space.
Proposition 2.7 Let X be a compact connected topological space and let E be in
FlK(X). Then the following assertions hold:
a) There is a finite atlas of local trivializations of E such that the finitely many
transition functions
gνµ : Uν ∩ Uµ −→ GLr(K) , r = rankE
take only finitely many different values.
b) There is a finitely generated field K0 ⊂ K and a flat vector bundle E0 in FlK0(X)
such that E ∼= E ⊗K K0 in FlK(X).
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Proof a) Choose a trivializing cover of E with open sets {Vi} and let g˜ij : Vi ∩
Vj → GLr(K) be the corresponding locally constant transition functions. Choose
a refining cover U = {Uα} such that under the refining map ι we have Uα ⊂ Vι(α).
Then the induced transition maps
gαβ = g˜ι(α)ι(β) |Uα∩Uβ
each take only finitely many values since Uα ∩ Uβ ⊂ Vι(α) ∩ Vι(β) is compact and
gι(α)ι(β) is locally constant. By compactness of X we may pass to a finite subcover
{Uν} of {Uα} and a) follows.
b) The entries of the finitely many matrices in GLr(K) that occur as values of the
gνµ in a) generate a finitely generated subfield K0 of K. Viewing (gνµ) as a cocycle
with values in GLr(K0) we get a flat bundle E0 such that E0 ⊗K0 K is isomorphic
to E. ✷
Remark 2.8 The proof of a) shows that the finitely many transition functions gνµ
take values in GLr(A0) for a finitely generated Z-algebra. Reducing modulo a maxi-
mal ideal m0 of A0 one obtains a cocycle with values in GLr(k) where k = A0/m0 is
a finite field. The associated principal bundle is a finite covering of X. Its connected
components are finite Galois coverings, c.f. [KS18], Proposition 2.7.
3 Behaviour of πK(X, x) under finite coverings and
relation with πe´t1 (X, x)
Let π : Y → X be a finite covering of the topological spaceX . The mapX → Z, x 7→
|π−1(x)| is locally constant and hence constant on each connected component of X .
If X is connected its value is called the degree deg(π) of the covering. In [KS18]
Proposition 2.7 it is shown that for a connected topological space X the total space
of every finite covering π : Y → X has only finitely many connected components
Y = Y1 ∐ . . . ∐ Yr. Moreover, the restrictions πi = π |Yi are finite coverings and we
have deg π = deg π1 + . . .+ deg πr. A finite Galois covering with group G is a finite
connected covering π : Y → X together with a (right-) G-action on Y over X such
that G permutes the fibres of π simply transitively. Equivalently it is a connected
G-torsor over X . Every bundle F in FlK(Y ) is a subbundle of π
∗E for some E in
FlK(X). Namely, for the flat bundle (!) E = π∗F we have
π∗E = π∗π∗F =
⊕
σ∈G
σ∗F .
Thus F is even a direct summand of π∗E. By [DM82], Proposition 2.21 (b), for any
chosen y ∈ Y with π(y) = x the morphism
i = π∗ : πK(Y, y) −→ πK(X, x)
is therefore a closed immersion.
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Assume that F in FlGK(Y ) is a trivial bundle in FlK(Y ). Then there is an iso-
morphism of flat bundles, where V is a finite dimensional K-vector space with the
discrete topology
ϕ : F
∼
→ Y × V .
The right G-action on F over the G-space Y gives a right G-action on Y ×V over the
G-space Y . Since Y is connected being a Galois covering, there is a representation
ρ : G→ GL(V ) such that we have:
(34) (y, v)σ = (yσ, ρ(σ−1)v) for σ ∈ G , y ∈ Y , v ∈ V .
Let FlK(X)(π) be the full subcategory of bundles E in FlK(X) for which π
∗E is a
trivial bundle in FlK(Y ). Using (4), (34) and the discussion of morphisms between
trivial bundles on a connected covering space in the proof of Proposition 2.3, we
obtain the following fact.
Proposition 3.1 1) The functor
RepK(G) −→ FlK(X)(π) , V 7−→ π
G
∗ (Y × V ) = Y ×
G V
is an equivalence of categories.
2) We have
πG∗ (Y × V )x = π
−1(x)×G V .
Fixing a point y ∈ Y over x this is canonically isomorphic to V . Using 1) we get an
isomorphism (depending on y) between G/K and the Tannakian dual πK(X, x)(π)
of (FlK(X)(π), ωx).
Since π∗ is exact and because of Corollary 2.2 any subobject in FlK(X) of an object
in FlK(X)(π) lies in FlK(X)(π). It follows from [DM82] Proposition 2.21 that the
induced morphism
p : πK(X, x) −→ πK(X, x)(π)
is faithfully flat.
Proposition 3.2 Let π : Y → X be a finite covering with group G. Choose a point
y ∈ Y and set x = π(y). The following sequence of group schemes over K is exact:
1 −→ πK(Y, y)
i
−→ πK(X, x)
p
−→ πK(X, x)(π) −→ 1 .
The choice of y over x determines a canonical isomorphism πK(X, x)(π) = G/K by
Proposition 3.1.
Proof It remains to show that i is an isomorphism of πK(Y, y) onto ker i. In [EHS08]
Theorem A1 (iii), a Tannakian criterion is given for this. Translated to our context
the following three conditions need to be verified:
a) For a bundle E in FlK(X) the bundle π
∗E is trivial if and only if E is in
FlK(X)(π).
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b) Let F0 be the maximal trivial subbundle of π
∗E in FlK(Y ). Then there is a
subbundle E0 ⊂ E in FlK(X) such that F0 ∼= π
∗E0.
c) Every bundle F in FlK(Y ) is a subbundle of π
∗E for some E in FlK(X).
Condition a) is true by the definition of FlK(X)(π). Condition c) has already been
verified. The maximal trivial subbundle F0 of π
∗E exists. It is the subbundle
generated by the global sections Γ(Y, π∗E). This description also shows that it is
a G-subbundle of the G-bundle π∗E on the G-space Y . Using the equivalence of
categories (4) and setting
E0 := π
G
∗ F0 ⊂ π
G
∗ π
∗E ∼= E ,
we find
F0 ∼= π
∗πG∗ F0 = π
∗E0
as desired. ✷
The finite coverings with the obvious morphisms form a category FCov(X). Ac-
cording to [KS18] Proposition 2.9, FCov(X) is a Galois category in the sense of
[Gro63] Expose´ V.4 if X is connected. For any point x ∈ X there is a natural fibre
functor
Φx : FCov(X) −→ FSet
into the category of finite sets which on objects is given by
Φx(π : Y → X) = π
−1(x) .
For a connected topological space X and a point x ∈ X , Kucharczyk and Scholze
define the e´tale fundamental group πe´t1 (X, x) to be the automorphism group of Φx.
More generally, for points x1, x2 ∈ X we set
πe´t1 (X, x1, x2) = Iso (Φx1 ,Φx2) .
It is a non-empty profinite set by [Gro63] Expose´ V, Corollaire 5.7. Moroever,
πe´t1 (X, x1, x2) is a left- resp. right torsor under the profinite groups π
e´t
1 (X, x1) resp.
πe´t1 (X, x2). The e´tale fundamental groupoid Π
e´t
1 (X) of a topological space X is
defined as the small topological category whose objects are the points of X and for
which Mor(x1, x2) = ∅ if x1 and x2 lie in different connected components of X and
Mor(x1, x2) = π
e´t
1 (Z, x1, x2)
if x1 and x2 lie in the same connected component Z of X .
We will now relate πK(X, x1, x2) to π
e´t
1 (X, x1, x2). Namely let FFlK(X) be the full
subcategory of FlK(X) whose objects are the bundles E for which there exists a
finite covering π : Y → X such that π∗E is a trivial flat bundle i.e. isomorphic
in FlK(Y ) to a bundle of the form Y × K
r, r ≥ 0. Given two finite coverings
π1 : Y1 → X and π2 : Y2 → X the fibre product π : Y = Y1 ×X Y2 → X is a finite
covering which factors over π1 and π2. It follows that if E1, E2 are in FFlK(X) then
E1⊕E2, E1⊗E2 and the Hom bundle Hom(E1, E2) are in FFlK(X) as well. Hence
for connected X the category FFlK(X) is neutral Tannakian with fibre functor ω
F
x
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defined as the restriction of ωx to FFlK(X). Let π
e´t
K(X, x) be the Tannakian dual
group of (FFlK(X), ω
F
x )
πe´tK(X, x) = Aut
⊗(ωFx ) .
More generally, for points x1, x2 ∈ X we set
πe´tK(X, x1, x2) = Iso(ω
F
x1 , ω
F
x2) .
We define Πe´tK(X) similarly as ΠK(X). Passing to the K-valued points of the mor-
phism schemes we obtain a topological category Πe´tK(X)(K).
We will now define a parallel transport along (“homotopy classes” of) e´tale paths γ
i.e. elements of πe´t1 (X, x1, x2) for bundles E in FFlK(X). Choose a finite connected
covering π : Y → X such that π∗E is trivial. Let y1 ∈ Y be a point with π(y1) = x1.
Then γ(y1) ∈ Y is a point with π(γ(y1)) = x2. Since π
∗E is trivial and Y is
connected the evaluation maps evy1 and evγ(y1) are isomorphisms:
(35) Ex1 = (π
∗E)y1
evy1∼
←−− Γ(Y, π∗E)
evγ(y1)∼
−−−−→ (π∗E)γ(y1) = Ex2 .
Let
ργ(E) : Ex1
∼
→ Ex2
be the resulting isomorphism.
Theorem 3.3 1) For a connected topological space X and points x1, x2 ∈ X the iso-
morphisms ργ(E) for E in FFlK(X) are well defined and give rise to an isomorphism
of the fibre functors ωFx1 and ω
F
x2
over K, i.e. to an element ργ of π
e´t
K(X, x1, x2)(K).
2) The resulting functor
ρ : Πe´t1 (X) −→ Π
e´t
K(X)(K)
is an isomorphism of topological categories. In particular the maps
ρ : πe´t1 (X, x1, x2)
∼
→ πe´tK(X, x1, x2)(K) , γ 7→ ργ
are homeomorphisms of pro-finite spaces, and for x ∈ X the maps
ρ : πe´t1 (X, x)
∼
→ πe´tK(X, x)(K) , γ 7→ ργ
are topological group isomorphisms.
Proof 1) We first prove that ργ(E) is independent of the choice of the point y1
over x1. There is a finite Galois covering Y˜
p˜i
−→ X which factors over π. Pulling
back to Y˜ and writing down obvious commutative diagrams one sees that to prove
independence of y1 over x1 we may pass to Y˜ and thus assume that Y is Galois
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with group G. Let y′1 ∈ Y be another point over x. Choose an element σ ∈ G with
yσ1 = y
′
1. Noting that (γy1)
σ = γ(yσ1 ) = γy
′
1, we obtain the commutative diagram
Ex1 (π
∗E)y′1
≀σ∗

Γ(Y, π∗E)
ev
y′1∼oo
≀σ∗

ev
γy′1∼ // (π∗E)γy′1
≀σ∗

Ex2
(σ∗π∗E)y1 Γ(Y, σ
∗π∗E)
evy1∼oo
evγy1∼ // (σ∗π∗E)γy1
Ex1 (π
∗E)y1 Γ(Y, π
∗E)
evy1∼oo
evγy1∼ // (π∗E)γy1 Ex2
It follows that
ργ(E) = evγy1 ◦ev
−1
y1 = evγy′1 ◦ev
−1
y′1
is independent of the choice of y1 over x1. Independence of the connected finite
covering trivializing E follows by dominating two such coverings Y1 → X and Y2 →
X by a third one e.g. by a connected component of Y1×X Y2. Thus the isomorphism
ργ(E) is well defined. Elementary arguments show that the family (ργ(E)) for E
in FFlK(X) defines an isomorphism from the ⊗-functor ω
F
x1 to the ⊗-functor ω
F
x2.
Thus one obtains an element
ργ ∈ Iso
⊗(ωFx1 , ω
F
x2)(K) .
By the construction of the parallel transport ργ(E) it is clear that for γ ∈ π
e´t
1 (X, x1, x2)
and γ′ ∈ πe´t1 (X, x2, x3) we have
ργ′ ◦ γ(E) = ργ′(E) ◦ργ(E)
and hence
ργ′ ◦ γ = ργ′ ◦ργ .
It follows that
ρ : Πe´t1 (X)→ Π
e´t
K(X)(K)
is a functor. In particular the map
ρ : πe´t1 (X, x) −→ π
e´t
K(X, x)(K)
is a homomorphism of groups for all x ∈ X .
2) Given a finite Galois covering π : Y → X with group G, by construction the
parallel transport on bundles in FlK(X)(π) along γ ∈ π
e´t
1 (X, x1, x2) depends only
on the bijection
γ(Y ) : Fx1(Y ) = π
−1(x1) −→ π
−1(x2) = Fx2(Y ) .
Hence we get a map
(36) Im (πe´t1 (X, x1, x2) −→ Bij(π
−1(x1), π
−1(x2)) −→ (πK(X, x1, x2)(π))(K) .
Here
πK(X, x1, x2)(π) = Iso
⊗(ωpix1, ω
pi
x2
)
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where ωpix is the restriction of ωx to FlK(X)(π).
We claim that (36) is a bijection. In order to show that (36) is injective we need
to show that for each γ the bijection γ(Y ) is uniquely determined by the parallel
transport ργ on bundles E in FlK(X)(π). Consider A = π∗K in FlK(X)(π) and
choose a point y1 ∈ Y over x1. By construction
ργ(A) : Ax1 = K
pi−1(x1) ∼→ Kpi
−1(x2) = Ax2
sends δ1y to δ
2
γy . Here δ
1
y : π
−1(x1) → K is = 1 on y and = 0 on all other points,
and δ2γy : π
−1(x2)→ K is = 1 on γy and = 0 on the other points. Hence we recover
γ(Y ), the image of γ in Bij(π−1(x1), π
−1(x2)) uniquely from ργ(A) and hence from
the image of ργ in πK(X, x1, x2)(π)(K). Since X is connected, π
e´t
1 (X, x1, x2) is not
empty, [Gro63] V, Corollaire 5.7. Hence both the source and the target of (36) are
non-empty sets. Since they are principal homogenous spaces, for bijectivity of (36)
it suffices to show that the group homomorphism
(37) Im (πe´t1 (X, x) −→ Bij(π
−1(x))) −→ (πK(X, x)(π))(K)
is an isomorphism for any x ∈ X . We have seen that it is injective. Since π : Y → X
is a Galois covering with group G the source is isomorphic to G. By Proposition 3.1
the affine group πK(X, x)(π) is isomorphic to G/K . Hence the target is isomorphic
to G as well. It follows that (37) is an isomorphism. One can see surjectivity of (37)
also directly by studying α ∈ (πK(X, x)(π))(K) = Aut
⊗(ωpix) on the ⊗-generator
A = π∗K of FlK(X)(π) and noting that A is a bundle of K-algebras with a G-
operation. Compatibility of α with the multiplication A⊗A→ A and the G-action
show that α(A) and hence α come from the source of (37).
Taking the projective limit over all finite Galois coverings π : Y → X of the bijections
(36) we obtain a homeomorphism of pro-finite spaces
ρ : πe´t1 (X, x1, x2)
∼
→ πe´tK(X, x1, x2)(K) .
The remaining assertions follow immediately. ✷
Proposition 3.4 Let X be a connected topological space, x ∈ X and G a finite
group. A vector bundle E in FlK(X) is trivialized by a finite Galois covering π : Y →
X with group G if and only if there is a faithfully flat morphism πK(X, x) ։ G/K
such that the monodromy representation of E factors
(38) πK(X, x)։ G/K ։ GE ⊂ GLEx .
In this case we have E ∼= Y ×G Ex in FlK(X) and the monodromy group GE of E
is a constant group scheme GE = GE(K)/K where GE(K) is a quotient of G.
Proof If E is trivialized by π : Y → X all claims follow from Propositions 3.1 and
3.2. Now assume that we have a factorization (38). Applying Theorem 2.6 to the
quotient GK = G/K of πK(X, x) we get a connected torsor π : P → X for the group
GK(K) = G, in other words a finite Galois covering with group G. According to
Theorem 2.4, 1) the bundle π∗E is trivial in FlK(P ). ✷
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Corollary 3.5 Let X be a connected topological space, x ∈ X, K a field and E a
vector bundle in FlK(X) of rank r. Then E has a reduction of structure group to a
finite subgroup G of GLr(K) if and only if the monodromy group GE is a constant
finite group scheme. In this case the following is true:
a) GE is a subquotient of G/K.
b) Choosing a basis of Ex and viewing GE(K) as a subgroup of GLr(K), the structure
group of E can be reduced to GE(K), and up to conjugacy in GLr(K) this is the
smallest subgroup of GLr(K) for which this is possible.
Remark In Theorem 2.5, 3) or Theorem 2.6 it was shown that if GE is a finite
group scheme over K, then it is constant.
Proof If the structure group of E can be reduced to a finite group G in GLr(K),
there is a principal G-bundle P
pi
−→ X such that E ∼= P ×G Kr and hence π∗E is a
trivial bundle in FlK(P ). Let P0 be a connected component of the finite covering P
and let G0 ⊂ G consist of σ ∈ G with σ(P0) = P0. Then π |P0 : P0 → X is a Galois
covering which trivializes E. Proposition 3.4 implies that GE is a constant finite
group scheme over K and that GE(K) is a quotient of G0 and hence a subquotient
of G. If on the other hand, E has a constant monodromy group GE, then by
Proposition 3.4, taking G = GE(K) there is a Galois covering π : Y → X with
E ∼= Y ×G Ex. This description of E shows that viewing GE(K) as a subgroup
of GLr(K) (unique up to conjugation) via an isomorphism Ex ∼= K
r, the structure
group of E can be reduced to GE(K). The remaining assertions follow. ✷
Example In Remark 2.8 we have seen that on a compact connected space X any flat
vector bundle E in FlK(X) of rank r has a reduction of structure group to GLr(A0)
where A0 is a finitely generated Z-algebra in K. Reducing modulo a maximal ideal
m0 of A0 we obtain a vector bundle Em0 in Flk0(X) where k0 = A0/k0 is a finite field.
The monodromy group of Em0 is contained in GLr(k0) and is therefore finite. The
construction in the proof of Proposition 3.4 attaches a Galois covering π : P → X
to Em0 with Galois group the monodromy group of Em0 in GLr(k0).
Let H = specB be an affine group scheme over a field K. The largest separable
subalgebra B e´t of B is a Hopf algebra and H e´t = specB e´t is a pro-e´tale group
scheme over K. It is the maximal pro-e´tale quotient of H , any morphism of H to
an e´tale group factors uniquely over the faithfully flat projection H → H e´t. There
is a natural exact sequence
1 −→ H0 −→ H −→ H e´t −→ 1 ,
where H0 is the connected component of the identity. Thus H e´t may also be viewed
as the group scheme of connected components of H and there is the alternative
notation H e´t = π0(H). A pointed finite (Galois) covering (Y, y)→ (X, x) is a finite
(Galois) covering πY : Y → X with πY (y) = x. Morphisms of such pointed coverings
are defined in the evident way. They are unique if they exist, in case the coverings
are connected. The set of isomorphism classes of finite pointed Galois coverings
of (X, x) is a directed set G = G(X, x) if (Y1, y1) ≥ (Y2, y2) means that there is a
morphism (Y1, y1)→ (Y2, y2), c.f. [KS18] section 2.
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We have
FFlK(X) = lim−→
(Y,y)∈G
FlK(X)(πY )
in FlK(X) and therefore
(39) πe´tK(X, x) = lim←−
(Y,y)∈G
πK(X, x)(πY ) .
This is a projective limit of finite constant group schemes over K, since πK(X, x)(π)
is finite constant by Proposition 3.1. In particular the natural isomorphism of “par-
allel transport along closed loops” of Theorem 3.3
ρ : πe´t1 (X, x)
∼
→ πe´tK(X, x)(K)
can be viewed as an isomorphism of pro-finite-constant group schemes over K
(40) πe´t1 (X, x)/K
∼
→ πe´tK(X, x) .
Since FFlK(X) is a full subcategory of FlK(X) which is closed under taking sub-
objects in FlK(X) by Corollary 2.2, the induced morphism
πK(X, x) −→ π
e´t
K(X, x)
is faithfully flat. It factors over the maximal pro-e´tale quotient
πK(X, x)
e´t = π0(πK(X, x))
of πK(X, x). Thus we obtain a faithfully flat morphism of group schemes over K
(41) πK(X, x)
e´t −→ πe´tK(X, x) .
Theorem 3.6 Let (X, x) be a pointed connected topological space and K a field.
Then (41) is an isomorphism
(42) πK(X, x)
e´t ∼→ πe´tK(X, x) .
Using the isomorphisms (40) and (42) we have an exact sequence
(43) 1 −→ πK(X, x)
0 −→ πK(X, x) −→ π
e´t
1 (X, x)/K −→ 1 .
Moreover, there is a natural isomorphism
(44) πK(X, x)
0 = lim←−
(Y,y)∈G(X,x)
πK(Y, y) .
Proof Any finite e´tale quotient of πK(X, x) is a constant group scheme by Theorem
2.5, 3) or Theorem 2.6. Using (39) and Proposition 3.4 it follows that (41) is an
isomorphism since both sides have the same algebraic representations. Hence we
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obtain (42) and the exact sequence (43). Passing to the limit in the exact sequence
of Proposition 3.2 and using (39) and (40) we obtain an exact sequence
(45) 1 −→ lim←−
(Y,y)∈G
πK(Y, y) −→ πK(X, x) −→ π
e´t
1 (X, x)/K .
Comparing (45) and (43) the isomorphism (44) follows. ✷
The proof of Theorem 3.6 only needed the special case of Theorem 2.5, 3) or Theorem
2.6 that all finite e´tale quotients of πK(X, x) are constant. This can also be shown
using the following proposition which is of indepenent interest.
Proposition 3.7 Let X be a connected topological space and L/K a field extension.
Let E be a flat vector bundle in FlK(X) such that E ⊗K L is a trivial bundle in
FlL(X). Then E is a trivial bundle in FlK(X).
Proof By assumption there exists an open cover U = (Ui)i∈I , a representing cocycle
g = (gij) of locally constant maps gij : Ui ∩Uj → GLr(K) for the isomorphism class
of E and locally constant maps
li : Ui −→ GLr(L) for i ∈ I
such that
gij = l
−1
i lj on Ui ∩ Uj for i, j ∈ I .
Consider the composition
li : Ui
li−→ GLr(L)
—
−→ GLr(L)/GLr(K) .
We have
li = ligij = lj on Ui ∩ Uj .
Thus the maps li glue to a locally constant map
l : X −→ GLr(L)/GLr(K) .
Since X is connected, l is constant, l = aGLr(K) for a matrix a ∈ GLr(L). Thus
we have li = agi on Ui for i ∈ I with locally constant maps
gi : Ui −→ GLr(K) .
This implies that
gij = (agi)
−1(agj) = g
−1
i gj .
Hence E is isomorphic to a trivial bundle in FlK(X). ✷
The required special case of Theorem 2.5, 3) or Theorem 2.6 needed for the proof
of Theorem 3.6 is the following assertion for which we give a direct proof.
Proposition 3.8 Let (X, x) be a pointed connected topological space and K a field.
Let E in FlK(X) be a flat vector bundle whose monodromy group scheme GE = GE,x
is finite e´tale. Then GE is a constant group over K.
25
Proof For a field extension L/K, write ωLx for the fibre functor F 7→ Fx on FlL(X).
Recall the functor φL : VecK → VecL, V 7→ V ⊗K L. The ⊗-functor
FlK(X)→ FlL(X), E 7→ E ⊗K L
is compatible with the fibre functors φL ◦ωx on the left and ω
L
x on the right. Hence
we get a morphism of group schemes over L
(46) πL(X, x) = Aut
⊗(ωLx ) −→ Aut
⊗(φL ◦ωx) = Aut
⊗(ωx)⊗KL = πK(X, x)⊗KL .
Let ρ : πK(X, x) ։ GE ⊂ GLEx be the representation corresponding to E. Then
the composition
ρL : πL(X, x) −→ πK(X, x)⊗K L
ρ⊗L
։ GE ⊗K L ⊂ GLEx⊗KL
is the representation corresponding to E ⊗K L in FlL(X). Hence we have a closed
immersion
(47) GE⊗KL ⊂ GE ⊗K L
of closed subgroup schemes of GLEx⊗KL. By assumption there is a field extension
L/K e.g. L = Ksep, such that GE ⊗K L is constant. Because of (47) the affine
group GE⊗KL is therefore constant as well. Hence, by Proposition 3.4 there is a finite
Galois covering π : Y → X such that π∗(E ⊗K L) = (π
∗E)⊗K L is a trivial bundle
in FlL(Y ). Proposition 3.7 now implies that π
∗E is trivial in FlK(Y ). Invoking
Proposition 3.4 again, it follows that GE is constant over K. ✷
4 Calculations of πK(X, x)
Given an abstract group Γ the proalgebraic completion of Γ over the field K is a
pair consisting of an affine group scheme Γalg = ΓalgK over K and a homomorphism of
groups i : Γ→ Γalg(K) with Zariski dense image. It is defined up to unique automor-
phism by the following universal property: For any representation ρ : Γ → GL(V )
on a finite dimensional K-vector space V there is a unique algebraic representation
ρalg : Γalg → GLV with ρ = ρ
alg(K) ◦ i. One can obtain Γalg as the Tannakian dual of
the neutral Tannakian category RepK(Γ) of finite dimensional K-representations of
Γ with respect to the fibre functor of forgetting the Γ-action. A concrete description
of the Hopf-algebra A over K with Γalg = specA is the following. The group Γ acts
on the K-algebra of function f : Γ→ K by right and left translation. The algebra A
consists of all functions whose left (equiv. right) Γ-orbits generate finite-dimensional
K-vector spaces. The comultiplication, co-inverse and co-unit are obtained by com-
posing with the multiplication, inverse and unit maps for Γ. In particular Γalg is
always reduced.
The proalgebraic completion of Γ = Z over an algebraically closed field of character-
istic zero is well known: A representation of Z on a finite-dimensional vector space
V is given by an automorphism ϕ of V . We may decompose ϕ uniquely as a product
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ϕ = ϕsϕu where ϕs is semisimple and ϕu is unipotent with ϕuϕs = ϕsϕu. Unipo-
tent automorphisms correspond to representations of Ga,K . The automorphism ϕs
is determined up to conjugacy by its eigenvalues. Let D be the diagonalizable
group over K corresponding to the abstract group K×i.e. D = specK[K×] with
co-multiplication
∆ : K[K×] −→ K[K×]⊗K[K×]
being given by ∆(x) = x⊗ x for x ∈ K×. We have
(48) Zalg = Ga ×D
as proalgebraic groups over K. Using the identification
D(K) = Hom(K×, K×)
the map
Z −→ Zalg(K) = K × Hom(K×, K×)
sends n to (n, a 7→ an).
The exact sequence, where µK are the roots of unity in K
×,
1 −→ µK −→ K
× −→ K×/µK −→ 1
corresponds to the exact sequence of commutative group schemes over K
1 −→ D0 −→ D −→ De´t −→ 1 .
Here D0 = specK[K×/µK ] is a pro-torus with character group K
×/µK and D
e´t =
Zˆ/K is the profinite completion of Z viewed as a pro-e´tale group scheme. Hence the
connected e´tale sequence for ZalgK reads as follows:
0 −→ Ga ×D
0 −→ ZalgK −→ Zˆ/K −→ 0 .
A similar description of Γalg can be given for any finitely generated abelian group Γ
instead of Z.
For a connected topological space X and a point x ∈ X parallel transport along
homotopy classes of paths in (31) gave a homomorphism
i : π1(X, x) −→ πK(X, x)(K) .
Theorem 4.1 Let X be a path-connected, locally path-connected and semi-locally
simply connected space. Then for any x ∈ X and any field K, the map i induces an
isomorphism of affine group schemes over K
ialg : π1(X, x)
alg ∼→ πK(X, x) .
The image under i of π1(X, x) is Zariski dense in πK(X, x). The maps i and i
alg
are functorial with respect to continuous maps of pointed spaces. The pseudo-torsor
PX of (25) and the universal covering X˜ of X are related by an isomorphism
PX = X˜ ×
pi1(X,x) πK(X, x)(K) .
In particular, PX is a torsor for the pro-discrete group πK(X, x)(K).
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Proof For the spaces X in question, FlK(X) is ⊗-equivalent to RepK(π1(X, x))
which implies the first assertions. The formula for PX and hence the fact that it is
a torsor follows by going through the construction of PX . ✷
For an arbitrary connected topological space X one obtains quotients of πK(X, x)
as follows. Assume that a discrete group Γ acts by homeomorphisms on a connected
topological space Y such that X = Y/Γ and such that every point y ∈ Y has a
neighborhood U with U ∩Uγ = ∅ for all γ 6= e. The proof of Proposition 3.1 applies
also in this more general situation and gives an equivalence of categories
RepK(Γ)
∼
→ FlK(X)(π) , V 7→ π
Γ
∗ (Y × V ) = Y ×
Γ V .
Here π : Y → X is the projection. As before, by Corollary 2.2 the full subcategory
Fl(X)(π) is closed under taking subobjects in FlK(X). The choice of a point y ∈ Y
over x gives an identification of V with (Y ×ΓV )x. Hence we get the following result:
Proposition 4.2 The preceding construction gives a faithfully flat morphism of
affine group schemes over K depending on y ∈ Y
πK(X, x)։ Γ
alg .
One can define the projective limit
lim←−
(Y,y)
Γalg = lim←−
(Y,y)
Aut(Y/X)alg .
I do not know when the resulting faithfully flat morphism of affine groups over K
(49) πK(X, x)։ lim←−
(Y,y)
Γalg
is also a closed immersion and therefore an isomorphism. This is the case if and
only if every flat bundle E on X is a subquotient of a bundle of the form Y ×Γ V
above. This is true for locally connected topological spaces X by Proposition 2.3,
b). In general there is a Γ-torsor Y with E = Y ×Γ V by Theorems 2.4 and 2.5 but
it may be disconnected. For the topological spaces in Theorem 4.1 the condition is
satisfied and (49) is an isomorphism. In fact, the universal covering of X dominates
all other coverings and we see again that there is an isomorphism
πK(X, x)
∼
→ π1(X, x)
alg .
We can calculate πK(X, x) for some solenoids using the following continuity property.
Theorem 4.3 Let Λ be a directed partially ordered set and (Xλ, pλµ) a projective
system indexed by Λ of compact connected Hausdorff spaces and continuous maps.
Fix a point x of the compact connected Hausdorff space X = lim
←−λ∈Λ
Xλ and set
xλ = pλ(x) where pλ : X → Xλ is the projection map. Let K be a field. Then the
morphisms of group schemes over K
pλ∗ : πK(X, x) −→ πK(Xλ, xλ) for λ ∈ Λ
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induce an isomorphism
πK(X, x)
∼
→ lim←−
λ∈Λ
πK(Xλ, xλ) .
Proof We have to show that
FlK(X) = lim−→
λ∈Λ
FlK(Xλ) .
This means that flat bundles on X and morphisms between them are obtained via
p∗λ from bundles and morphisms on the level of Xλ for some λ ∈ Λ. We show
this for bundles. The proof for morphisms is similar. An analogous assertion for
finite coverings instead of flat bundles is given in [KS18] Proposition 2.11. Following
[KS18] we call a subset of X basis-open if it is of the form p−1λ (U) for some λ ∈ Λ
and some open U ⊂ Xλ. Since Λ is directed, the basis-open subsets form a basis of
the topology of X . In the proof of descent for bundles we will use the following four
facts (A)–(D).
(A) For X = lim
←−λ
Xλ as in the theorem, consider a subspace Yµ ⊂ Xµ for some
µ ∈ Λ. For λ ≥ µ set Yλ = p
−1
λµ (Yµ). Then the projective limit topology on
Y = lim
←−λ
Yλ ⊂ X equals the subspace topology of Y in X .
This holds because a basis of the projective limit topology of Y is given by the sets
(pλ|Y )
−1(Yλ ∩ Oλ) = Y ∩ p
−1
λ (Yλ) ∩ p
−1
λ (Oλ) = Y ∩ p
−1
λ (Oλ)
where λ ≥ µ and Oλ ⊂ Xλ is open.
(B) For X = lim
←−λ
Xλ as in the theorem, let U
1
µ, . . . , U
n
µ be open sets in Xµ such
that p−1µ (U
1
µ), . . . , p
−1
µ (U
n
µ ) are a cover of X . Then there is some λ ≥ µ such that
the open sets U iλ = p
−1
λµ(U
i
µ) form a cover of Xλ. Moreover this remains true for the
pullbacks to Xλ′ for any λ
′ ≥ λ.
Write O = U1µ ∪ . . . ∪ U
n
µ . Then O is open in Xµ and p
−1
µ (O) = X . We have
∅ = X \ p−1µ (O) = lim←−
λ≥µ
(Xλ \ p
−1
λµ (O)) .
The sets Xλ \ p
−1
λµ(O) being compact and Λ directed, it follows that Xλ \ p
−1
λµ(O) = ∅
for some λ ≥ µ and hence Xλ′ = p
−1
λ′µ(O) for all λ
′ ≥ λ.
(C) For X = lim
←−λ
Xλ as in the theorem, let g : X → K be a locally constant
function. Then there exists an index µ ∈ Λ and a locally constant function gµ :
Xµ → K such that g = gµ ◦pµ.
(D) In (C) if g = gµ1 ◦pµ1 = gµ2 ◦pµ2 then for some λ ≥ µ1, λ ≥ µ2 we have
gµ1 ◦pλµ1 = gµ2 ◦pλµ2 . The same is true for any λ
′ ≥ λ.
Assertions (C) and (D) are equivalent to the formula
H0(X,K) = lim
−→
λ
H0(Xλ, K) .
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This is a special case of [Bre97] Lemma 14.2 or Corollary 14.6.
Let E be a flat bundle on X and choose a finite trivializing atlas for E whose open
sets U1, . . . , Un are basis-open. Let (gij) be the corresponding Cˇech cocycle. Since Λ
is directed there is some µ ∈ Λ with Ui = p
−1
µ (U
µ
i ) for all i where U
µ
i is open in Xµ.
By assertion (A) we may assume that Uµ1 , . . . , U
µ
n are a cover of Xµ. Choose a cover
V µ1 , . . . , V
µ
n of Xµ by open subsets with V
µ
i ⊂ A
µ
i ⊂ U
µ
i where A
µ
i is the closure of
V µi in Xµ and hence compact. Set Vi = p
−1
µ (V
µ
i ) and Ai = p
−1
µ (A
µ
i ). Then we have
Vi ⊂ Ai ⊂ Ui and {Vi} resp. {Ai} are open resp. closed covers of X . We have
Ai ∩ Aj = lim←−
λ≥µ
p−1λ (A
λ
i ∩ A
λ
j )
where Aλi = p
−1
λµ(A
µ
i ) for all i, λ ≥ µ. Applying (A) and (C) to this projective
system (and the component functions of gij |Ai∩Aj) it follows that there are locally
constant functions gνij : A
ν
i ∩A
ν
j → GLr(K) for some index ν ≥ µ such that we have
gij |Ai∩Aj = g
ν
ij ◦pν .
The cocycle condition for the gij gives the equations
gij(x) ◦gjk(x) = gij(x) for all x ∈ Ai ∩ Aj ∩Ak .
Applying (D) to the projective system
Ai ∩ Aj ∩Ak = lim←−
λ≥ν
Aλi ∩A
λ
j ∩ A
λ
k
it follows that from some index λ ≥ ν on, the locally-constant functions gλij = g
ν
ij ◦pλν
on Aλi ∩A
λ
j satisfy the cocycle condition. Restricting the g
λ
ij to V
λ
i ∩V
λ
j we obtain a
cocycle (gλij) of locally constant GLr(K)-valued functions on the open cover {V
λ
i } of
Xλ. It defines a vector bundle Eλ in FlK(Xλ) together with a canonical isomorphism
p∗λEλ
∼= E in FlK(X). ✷
Example Fix a set P of prime numbers and let ΛP be the set of positive integers
whose prime factors belong to ΛP . Writing µ ≤ λ if µ divides λ the set ΛP becomes
a directed poset. For λ ∈ ΛP set Xλ = R/Z and for λ ≥ µ let pλµ : Xλ → Xµ be the
multiplication by λ/µ. The projective limit is a solenoid
SP = lim←−
λ∈ΛP
Xλ = R×
Z
ZˆP ,
where ZˆP =
∏
p∈P Zp. Let 0 be the zero element of the compact connected topolog-
ical group SP . By Theorems 4.1 and 4.3 we have
πK(SP , 0) = lim←−
λ∈ΛP
πK(R/Z, 0) = lim←−
λ∈ΛP
Z
alg
K .
Here the transition map from the λ-th copy of ZalgK to the µ-th copy for λ ≥ µ is given
by multiplication with λ/µ. This holds because N -multiplication on R/Z induces
N -multiplication on π1(R/Z, 0) = Z and hence also on πK(R/Z, 0) = π1(R/Z, 0)
alg
K .
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For simplicity we now assume that K is algebraically closed of characterstic zero.
Recall the decomposition ZalgK = Ga × D of (48). For any positive integer N , the
N -multiplication on Ga is an isomorphism and hence
lim←−
λ∈ΛP
Ga = Ga .
On D = specK[K×] the N -multiplication map comes from the N -th power map on
K×. Hence we have
DP := lim←−
λ∈ΛP
D = specK
[
lim−→
λ∈ΛP
K×
]
= specK[K×/µP∞] ,
where
µP∞ = {ζ ∈ K
× | ζλ = 1 for some λ ∈ ΛP} .
Thus we find:
πK(SP , 0) = Ga × DP .
The connected component D0P of DP is independent of P . It is the pro-torus
D
0 = specK[K×/µK ]
with character group K×/µK. The maximal pro-e´tale quotient of D is the pro-e´tale
group scheme with character group µK/µP∞. It is isomorphic to
∏
p/∈P Zp viewed as
a pro-finite-constant group scheme over K. Hence we have
πK(SP , 0)
0 = Ga × D
0 and πK(SP , 0)
e´t =
∏
p/∈P
Zp/K .
Via the isomorphism (40)
πe´t1 (SP , 0)/K
∼
→ πK(SP , 0)
e´t =
∏
p/∈P
Zp/K ,
we see that the more multiplications by primes are inverted on S1 by passing to
the solenoid SP , the fewer finite coverings remain. For the full solenoid S where P
consists of all prime numbers we have
πe´t1 (S, 0)K = πK(S, 0)
e´t = 0 .
Hence
πK(S, 0) = Ga × D
0
is connected, where D0 is the pro-torus with character group K×/µK .
Remark The Cˇech fundamental group πˇ1 is continuous and hence we have
πˇ1(SP , 0) = lim←−
λ
πˇ1(R/Z, 0) = lim←−
λ
Z .
Here the transition maps are multiplication by λ/µ as before. It follows that
πˇ1(SP , 0) is trivial.
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We now relate the groups πK(X, x) to cohomology. For a topological space X let
H i(X,F) denote the derived functor cohomology of a sheaf of abelian groups F . For
i = 0, 1 it is isomorphic to Cˇech cohomology. For a sheaf of possibly non-abelian
groups G we consider the Cˇech cohomology set Hˇ1(X,G).
Proposition 4.4 Let X be a connected topological space, x ∈ X and K a field,
r ≥ 1.
a) There is a canonical isomorphism
Hom(πK(X, x),GLr/K)/GLr(K)
∼
→ H1(X,GLr(K)) .
Here GLr(K) acts by conjugation on the group scheme GLr/K. In particular
Hom(πK(X, x),Gm)
∼
→ H1(X,K×) .
b) There is a canonical isomorphism
Hom(πK(X, x),Ga)
∼
→ H1(X,K) .
c) The above maps are functorial with respect to base point preserving continuous
maps of connected topological spaces.
Proof a) Both sides describe isomorphism classes of flat vector bundles of rank r
on X .
b) We have an isomorphism where πK(X, x) acts trivially on AK = A
1
K
(50) Hom(πK(X, x),Ga) = Ext
1
piK(X,x)
(AK ,AK) .
Namely, we view Ga as the algebraic group U2 of unipotent matrices ( 1 ∗0 1 ). Given
a homomorphism λ : πK(X, x) → Ga we let πK(X, x) act on A
2
K via U2. This
defines an extension of AK by itself in RepK(πK(X, x)). The resulting map is the
isomorphism (50). By the equivalence of categories
RepK(πK(X, x))
∼
→ LocK(X)
we obtain an isomorphism:
Hom(πK(X, x),Ga)
∼
→ Ext1LocK(X)(K,K)
(!)
= Ext1X(K,K) = H
1(X,K) .
Note here that any extension of sheaves of K-vector spaces
0 −→ K −→ F −→ K −→ 0
splits locally, so that F is in LocK(X). This holds because for all y ∈ X we have
lim−→U∋yH
1(U,K) = 0, a special case of [Gro57] 3.8.2 Lemma. For another proof of b)
we could argue that H1(X,K) = Hˇ1(X,U2(K)) classifies the isomorphism classes
of rank 2 unipotent flat bundles, i.e. extensions in FlK(X) of K by itself, and argue
as above. Here the lemma from [Gro57] is implicitely used in the identification of
H1 with Cˇech Hˇ1. ✷
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Remarks a) It is instructive to apply the proposition to the solenoids SP .
b) Cohomology is a functor under arbitrary continuous maps. This is not clear to
me for the left hand sides of the isomorphisms in the proposition for general K.
Namely, I do not know if the conjugacies coming from the isomorphisms of the fibre
functors in different points are in general already defined over K. This is the case
if K is algebraically closed, by Deligne’s general result on fibre functors [Del11].
There is a canonical exact sequence
1 −→ πuK(X, x) −→ πK(X, x) −→ π
red
K (X, x) −→ 1 .
Here πredK (X, x) is the maximal pro-reductive quotient of πK(X, x) and π
u
K(X, x) the
pro-unipotent radical, a connected group scheme. For a field extension L/K the
natural morphism
(51) πL(X, x) −→ πK(X, x)⊗K L
of group schemes over L is faithfully flat and this holds similarly for πuK and π
red
K .
The example of X = S1 already shows that πredK and hence πK itself do not commute
with the base change L/K, i.e. (51) is not an isomorphism. However, in the example
X = S1, the unipotent part πuK(S
1, x) = Ga,K does commute with base change and
this may be true in general.
The Ext-groups in FlK(X) for charK = 0 may be expressed in terms of πK =
πK(X, x)-cohomology by the standard Tannakian formalism, c.f. [Jan90] Appendix
C4. Namely, for flat vector bundles F andE corresponding to πK(X, x)-representations
on Fx and Ex we have
ExtiFlK(X)(F,E) = H
i(πK ,Hom(Fx, Ex)) .
Here H i is the (colimit of the) cohomology theory introduced in [Hoc61]. Moreover,
for a πK(X, x)-representation on a finite dimensional K-vector space Vx, we have
H i(πK , Vx) = H
i(πuK , Vx)
piredK
and
H i(πuK , Vx) = H
i(Lie πuK , Vx)
pired
K .
Setting V = Hom(F,E) in FlK(X), we therefore obtain
ExtiFlK(X)(F,E) = H
i(Lie πuK , Vx)
pired
K .
The full subcategory LocK(X) of the category of all sheaves of K-vector spaces on
X is stable under extensions. Hence for F = K and i = 0, 1 we get an isomorphism
H i(X,E) = H i(Lie πuK , Ex)
pired
K .
For i = 2 the group on the left contains the one on the right.
We end with a couple of open issues:
Does πuK(X, x) commute with base change to fields L/K?
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For pointed connected spaces (X, x), (X ′, x′) consider the natural faithfully flat map
(52) πK(X ×X
′, (x, x′)) −→ πK(X, x)×K πK(X
′, x′)
induced by the projections. Note that (52) is split by the product of the morphisms
induced by the maps X → X × X ′, z 7→ (z, x′) and X ′ → X × X ′, z′ 7→ (x, z′). In
what generality are (52) and its variants for πuK and π
red
K isomorphisms?
We introduced fundamental groupoids in our setting with a view towards proving
Mayer-Vietoris results, at least for πuK . According to [LM82] there exist free prod-
ucts for pro-unipotent algebraic group schemes. One would also need amalgamated
products.
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